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A NEW CLASS OF MINIMAL ASYMPTOTIC BASES
MELVYN B. NATHANSON
Abstract. A set A of nonnegative integers is an asymptotic basis of order h
if every sufficiently large integer can be represented as the sum of h not neces-
sarily distinct elements of A. The asymptotic basis A is minimal if removing
any element of A destroys every representation of infinitely many integers, and
so A \ {a} is not an asymptotic basis of order h for all a ∈ A. In this paper, a
new class of minimal asymptotic bases is constructed.
1. G-adic asymptotic bases
Let N0 = {0, 1, 2, 3, . . .} be the set of nonnegative integers. For u, v ∈ N0, the
interval of integers is the set
[u, v] = {x ∈ N0 : u ≤ x ≤ v}.
Let A,A1, . . . , Ah be subsets of N0. We define the sumsets
A1 + · · ·+Ah = {a1 + · · ·+ ah : ai ∈ Ai for all i ∈ [1, h]}
and
hA = A+ · · ·+A︸ ︷︷ ︸
h summands
= {a1 + · · ·+ ah : ai ∈ A for all i ∈ [1, h]}.
For a ∈ A, let EhA(a) be the set of all integers n in the h-fold sumset hA for which
every representation of n as a sum of h elements of A contains a as a summand.
Equivalently,
Ea = hA \ h(A \ {a}).
The set A is an asymptotic basis of order h if the sumset hA contains all suffi-
ciently large integers. An asymptotic basis of order h is minimal if no proper subset
of A is an asymptotic basis of order h. Equivalently, A is a minimal asymptotic ba-
sis of order h if |EhA(a)| =∞ for all a ∈ A. Thus, for all a ∈ A, there are infinitely
many integers n such that removing a from A destroys every representation of n.
Minimal asymptotic bases are extremal objects in additive number theory, and
are related to the conjecture of Erdo˝s and Tura´n that the representation function
of an asymptotic basis of order h must be unbounded.
Nathanson [10, 11] used a 2-adic construction to produce the first examples of
minimal asymptotic bases. The method was extended to g-adically defined sets by
Chen [2], Chen and Chen [1], Chen-Tang [3], Jia [4], Jia and Nathanson [5], Lee [6],
Li and Li [7], Ling and Tang [8, 9], Sun [14], and Sun and Tao [15]. This paper
constructs a larger class of minimal asymptotic bases.
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Let G = (gi)∞i=0 be a strictly increasing sequence of positive integers such that
g0 = 1 and gi−1 divides gi for all i ≥ 1. Let (di)∞i=1 be the infinite sequence of
integers defined by
di =
gi
gi−1
.
Every nonnegative integer n has the unique G-adic representation
n =
∞∑
j=0
xjgj
where xj ∈ [0, dj+1 − 1] for all j ∈ N0, and xj = 0 for all sufficiently large j
(Nathanson [12, 13]). If n is a positive integer, then there is a unique nonempty
finite set F ⊆ N0 such that
n =
∑
j∈F
xjgj
where xj ∈ [1, dj+1 − 1] for all j ∈ F . Moreover, gk ≤ n < gk+1 if and only if
max(F ) = k.
Let W be a nonempty set of nonnegative integers, and let F∗(W ) be the set of
all nonempty finite subsets of W . We define
AG(W ) =

∑
j∈F
xjgj : F ∈ F
∗(W ) and xj ∈ [1, dj+1 − 1]

 .
Note that 0 /∈ AG(W ) because ∅ /∈ F∗(W ).
Theorem 1. Let h ≥ 2 and let W = (Wi)
h−1
i=0 be a sequence of sets of nonnegative
integers such that
N0 =W0 ∪W1 ∪ · · · ∪Wh−1.
The set
AG(W) =
h−1⋃
i=0
AG(Wi)
is an asymptotic basis of order h, and
hAG(W) = {n ∈ N0 : n ≥ h}.
Note that the sets W0,W1, . . . ,Wh−1 are not necessarily pairwise disjoint.
Proof. We have 0 /∈ AG(Wi) for all i ∈ [0, h − 1] and so 0 /∈ AG(W) and 0 /∈
hAG(W). We have 0 ∈ Ws for some s ∈ [0, h − 1], and so 1 = g0 ∈ AG(Ws)
and min (AG(W)) = 1. It follows that min(hAG(W)) = h. We shall prove that
n ∈ hAG(W) for all n ≥ h.
Let n be a positive integer that is not in the sumset hAG(W). Consider the
G-adic representation n =
∑
j∈F xjgj . For i ∈ [0, h− 1], let
Fi = F ∩
(
Wi \ ∪
i−1
s=1Ws
)
and
ni =
∑
j∈Fi
xjgj ∈ AG(Wi).
Let
L = {i ∈ [0, h− 1] : Fi 6= ∅} = {i ∈ [0, h− 1] : ni ≥ 1}
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and
ℓ = |L| ∈ [1, h].
Thus,
n =
∑
i∈L
ni ∈ ℓAG .
Let ℓ∗ be the largest integer in the interval [1, h] such that n ∈ ℓ∗AG . We shall
prove that ℓ∗ = h if n ≥ h.
Suppose that ℓ∗ ≤ h− 1, and let
n =
ℓ∗∑
i=1
n′i
where, for each i ∈ [1, ℓ∗], there exists k(i) ∈ [0, h − 1] such that n′i ∈ F
∗
(
Wk(i)
)
has the G-adic representation
n′i =
∑
j∈F ′
i
x′jgj ∈ AG
(
Wk(i)
)
.
If |F ′i | ≥ 2 for some i ∈ L, then, for all s ∈ F
′
i , the identity
n′i = x
′
sgs +
∑
j∈F ′
i
\{s}
x′jgj ∈ 2AG
(
Wk(i)
)
produces a representation of n as the sum of ℓ∗ + 1 elements of AG(W), which is
impossible. Therefore, for all i ∈ L, there is an integer ji such that F ′i = {ji} and
n =
ℓ∗∑
i=1
x′jigji .
If x′ji ≥ 2 for some i ∈ L, then the identity
x′jigji = (x
′
ji
− 1)gji + gji ∈ 2AG
(
Wk(i)
)
produces a representation of n as the sum of ℓ∗+1 elements of AG(W). Therefore,
x′ji = 1 for all i ∈ L, and
n =
ℓ∗∑
i=1
gji .
Finally, if ji ≥ 1 for some i ∈ L, then ji − 1 ∈ Ws for some s ∈ [0, h− 1], and
gji = gji−1 + (gji − 1)gji−1 ∈ 2AG (Ws)
again produces a representation of n as the sum of ℓ∗+1 elements of AG(W), which
is impossible. Therefore, gji = 1 for all i ∈ F
′, and
n =
ℓ∗∑
i=1
1 = ℓ∗ ∈ [1, h− 1].
This completes the proof. 
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2. Minimal asymptotic bases
The following lemma generalizes a result of Jia [4].
Lemma 1. Let (ui)
s
i=1 be a strictly increasing finite sequence of nonnegative in-
tegers, and let (vj)
t
j=1 be a finite sequence of not necessarily distinct nonnegative
integers such that
(1) n =
s∑
i=1
xigui =
t∑
j=1
yjgvj
where xi ∈ [1, dui+1 − 1] for all i ∈ [1, s] and yj ∈ [1, dvj+1 − 1] for all j ∈ [1, t].
For all integers k ∈ [1, s],
(2)
k∑
i=1
xigui ≤
∑
vj≤uk
yjgvj .
Proof. We have n < gus+1, and so vj ≤ us for all j ∈ [1, t]. This implies (2) for
k = s.
Let k ∈ [1, s− 1]. Rearranging (1), we obtain
(3)
k∑
i=1
xigui −
∑
vj≤uk
yjgvj =
∑
vj>uk
yjgvj −
s∑
i=k+1
xigui ≡ 0 (mod guk+1).
If
k∑
i=1
xigui >
∑
vj≤uk
yjgvj
then
0 <
k∑
i=1
xigui −
∑
vj≤uk
yjgvj ≤
k∑
i=1
xigui < guk+1 .
This inequality contradicts congruence (3). This completes the proof. 
Let W be a set of nonnegative integers. Let F∗(W ) be the set of all nonempty
finite subsets of W . We define
AG(W ) =

∑
j∈F
xjgj : F ∈ F
∗(W ) and xj ∈ [1, dj+1 − 1]

 .
Theorem 2. Let G = (gi)∞i=0 be a strictly increasing sequence of positive integers
such that g0 = 1 and gi−1 divides gi for all i ≥ 1. Let (di)∞i=1 be the sequence of
integers defined by gi = digi−1. Let h ≥ 2 and let W = (Wi)
h−1
i=0 be a sequence of
pairwise disjoint sets of nonnegative integers that partitions N0:
N0 =W0 ∪W1 ∪ · · · ∪Wh−1.
Let t be the smallest integer such that
(4) t ≥
log(h+ 1)
log 2
.
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If, for all i ∈ [0, h−1], the set Wi contains infinitely many intervals of t consecutive
integers, then the set
AG(W) =
h−1⋃
i=0
AG(Wi)
is a minimal asymptotic basis of order h.
Proof. Let a ∈ AG(W). Without loss of generality, we can assume that a = a0 ∈
AG(W0), and so
a0 =
∑
j∈F0
x0,jgj
where F0 ∈ F∗(W0) and x0,j ∈ [1, dj+1 − 1] for all j ∈ F0. If M = max(F0), then
(5) gM ≤ a0 < gM+1.
For all i ∈ [1, h− 1], there exists mi > M such that [mi,mi + t− 1] ⊆ Wi. Let Fi
be a finite subset of Wi ∩ [mi+ t,∞), and, for all j ∈ Fi, choose xi,j ∈ [0, dj+1− 1].
Let
(6) ai =
∑
j∈Wi
j<M
(dj+1 − 1)gj +
mi+t−1∑
j=mi
(dj+1 − 1)gj +
∑
j∈Fi
xi,jgj ∈ AG(Wi)
and
(7) n = a0 + a1 + · · ·+ ah−1.
Note that every integer gi ∈ G occurs at most once in the sum (7), and so (7) is
the G-adic representation of n. We shall prove that (7) is the unique representation
of n as the sum of h elements of AG(W).
Let b0, b1, . . . , bh−1 ∈ AG(W) satisfy
n = b0 + b1 + · · ·+ bh−1.
For all i ∈ [0, h− 1] there exists k(i) ∈ [0, h− 1] such that bi ∈ AG(W (k(i)). There
is a set Gi ∈ F∗
(
Wk(i)
)
and, for each j ∈ Gi, an integer yi,j ∈ [1, dj+1 − 1] such
that
bi =
∑
j∈Gi
yi,jgj .
We shall prove that {k(0), k(1), . . . , k(h− 1)} = [0, h− 1]. Suppose there exists
s ∈ [1, h− 1] such that k(i) 6= s (or, equivalently, bi /∈ AG(Ws)) for all i ∈ [0, h− 1].
Let i ∈ [0, h− 1]. Because [ms,ms + t− 1] ⊆Ws and Ws ∩Wk(i) = ∅, we have
(8) {j ∈ Gi : j ≤ ms + t− 1} = {j ∈ Gi : j ≤ ms − 1}.
The integer
ms+t−1∑
j=ms
(dj+1 − 1)gj
is the middle term in the definition (6) of the integer as. Because di ≥ 2 for all
i ≥ 1, inequality (4) implies
h ≤ 2t − 1 ≤
(
t∏
i=1
dms+i
)
− 1.
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We obtain
gmsh ≤ gms
(
t∏
i=1
dms+i
)
− gms = gms+t − gms
=
ms+t−1∑
j=ms
(dj+1 − 1)gj
≤
h−1∑
i=0
∑
j∈Gi
j≤ms+t−1
yi,jgj by Lemma 1
=
h−1∑
i=0
∑
j∈Gi
j≤ms−1
yi,jgj by (8)
≤
h−1∑
i=0
∑
j∈Gi
j≤ms−1
(gj+1 − gj)
≤
h−1∑
i=0
ms−1∑
j=0
(gj+1 − gj)
< gmsh.
This is absurd. It follows that for each s ∈ [1, h− 1] there exists i ∈ [0, h− 1] such
that bi ∈ AG(Ws). Renumbering the bi, we can assume that bi ∈ AG(Wi) for all
i ∈ [1, h− 1].
We shall prove that b0 ∈ AG(W0). If not, then b0 ∈ AG(Ws) for some s ∈ [1, h−1].
Because M ∈ F0 ⊆ W0, we have M /∈
⋃h−1
i=0 Gi ⊆
⋃h−1
i=1 Wi. Recall that gM ≤ a0
by (5). From Lemma 1, we obtain
a0 +
h−1∑
i=1
∑
j∈Wi
j<M
(dj+1 − 1)gj ≤
h−1∑
i=0
∑
j∈Gi
j<M
yi,jgj
=
∑
j∈G0
j<M
y0,jgj +
h−1∑
i=1
∑
j∈Gi
j<M
yi,jgj
< gM +
h−1∑
i=1
∑
j∈Wi
j<M
(dj+1 − 1)gj
≤ a0 +
h−1∑
i=1
∑
j∈F ′
i
(di,j − 1)gj.
This is absurd, and so b0 ∈ AG(W0). The uniqueness of the G-adic representation
implies that ai = bi for all i ∈ [0, h− 1], and so (7) is the unique representation of
n in the sumset hAG(W). This completes the proof. 
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3. Open problems
Let G = (gi)
∞
i=0 be a sequence of positive integers such that g0 = 1 and gi−1
divides gi for all i ≥ 1. For h ≥ 2, determine the partitions W = (Wi)
h−1
i=0 of N0
such that the set AG(W) is a minimal asymptotic basis of order h.
The following special case is of interest. Let (εi)
∞
i=0 be a sequence of 0s and 1s.
Construct the sequence G = (gi)∞i=0, where
g2i = 6
i
and
g2i+1 = (2 + εi)6
i.
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